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A STRICTLY-FUNCTORIAL AND SMALL DG ENHANCEMENT 
OF THE DERIVED CATEGORY OF PERFECT COMPLEXES 

EMANUEL RODRIGUEZ CIRONE 


Abstract. Let fc be a field. We construct a strictly-functorial presheaf of 
small dg—categories over k on the category of fc-schemes of finite type, which 
gives dg-enhancements of the derived categories of perfect complexes. 


1. Introduction 

Let A: be a field and let dgCat^. be the category of small dg-categories over k and 
dg-functors; see [5] for background on dg-categories. Let Schfe be the category of 
A:-schemes of finite type. For 6 G Schfe let Dperf (©) denote the derived category of 
perfect complexes on ©; see [H Section 2] for the definition of perfect complex and 
[H 1.9.6] for the derived category. In these notes we construct a strictly-functorial 
presheaf of small dg-categories on Schfc, 6 i-A Perf©, such that R°(Perf©) is 
naturally equivalent to Dperf(©). Moreover, every morphism / : T —>■ © induces 
a functor R°(Perf©) ^ iJ°(Perf 2 :) that identifies with the left derived inverse 
image functor Lf* : Dperf(©) Dperf(T). 

The existence of a strictly-functorial and small dg-enhancement of Dperf(©) 
is well-known to experts [H Example 2.7] and we make no claim to originality. 
However, a detailed construction of it seems to be difficult to find in the literature 
and these notes try to fill in this gap. Our approach differs from the one suggested 
in [U Example 2.7] in that it avoids the use of Grothendieck universes to guarantee 
the smallness of the dg-categories involved. 


2. Construction of the presheaf Perf? : Sch^^ dgCat^, 

For simplicity, throughout the word scheme means fc-scheme of finite type. 


2.1. The O©— modules 0©,y. Let © be a scheme and let iy : V C © be the 
inclusion of an open subset. Let Mod(©) denote the category of (!I©-modules. The 
inverse image functor iy : Mod(©) -A Mod(V) is right adjoint to the extension 
by zero functor {iy)]- Put Oey := (iyjiCy. For any ©©-module M we have an 
isomorphism 


(T : hom©(©©_y,M) ~ homy(©y,Mjy) ~ T{V,M) 
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which is natural in M. Now let / : T —>■ © be a morphism of schemes and let N be 
an O'X-module. The isomorphism 

homx(Ox,/-iu,iV) ~ T{f-^V,N) 

= r{vj,N) 

~home(C> 6 .u,/*iV) 

- i^om<x{f*Oey,N) 

is natural in N, and as such it is induced by a unique isomorphism of Ox^modules 
Of.v : f*Oe,v C’lj-iy- 

2.2. Rectification of the inverse image fnnctor on the modules Oey. Any 

morphism / : T -A © induces an inverse image functor /* : Mod(©) — Mod(T). 
However, if g : it —5> T is another morphism and M is an Og-module, the modules 
g*f*M and {fg)*M are not the same but only naturally isomorphic; we will need 
an equality on the nose in order to define the presheaf Perf ? . 

Let © be a scheme and let Op(©) be the poset of open subsets of ©. Let 
be the full subcategory of Mod(©) whose objects are the modules Oey with 
V G Op(©). Notice that is a small category. For every morphism / : T —>■ © 
we will define a functor /* : ^ such that, in the situation of the previous 

paragraph, g*f*M = {fg)*M. For an open subset PC© put f*0<sy := O-xj-iy', 
this defines /* on the objects. The definition of /* on the morphisms is given by 

/* : home{0(sy ,Ois^w) homx(0.x,/-iu, 

(fi l-A Of^W ° oOjy 

where the morphisms 9 are the ones defined in 12.11 

Lemma 2.1. Let Cat^ denote the category of small k-linear categories. Then the 
definitions above give rise to a functor : Sch^^ —)■ Cat^. 

Proof. Let /:“!—>■© and 5 : il —)• T be morphisms, let f* and g* be the usual 
inverse image functors on modules, and let a : (fg)* -G g* f* be the natural isomor¬ 
phism induced by the adjunctions between inverse and direct images of modules. 
Let (p G home{Oey,Oe,w)- In order to prove the equality g*{f*(p) = {fg)*p, it 
suffices to show that 

^gj-^w ° 9*{(^f.w) o ctOe.w = (2.2) 

One way to prove (j2.2l) is to show that both morphisms induce the same morphism 
once we apply the functor homu(?,M) for any Oa-module M; this is straightfor¬ 
ward from the definitions. □ 

Remark 2.3. By definition of /*, the morphisms 6fy defined in 12.11 assemble into 
a natural isomorphism between the restriction of /* : Mod(©) — Mod(T) to ,'^e 
and the composite functor /* : ,'^e —t Q Mod(T). 

2.3. Resolution by direct sums of Oe,v- It is well known that the Oe,v are 
flat Og-modules, and that every Og-module is a quotient of a direct sum of these 
with varying V 011 , Proposition 1.2]. We will use a version of this last fact that 
keeps track of some cardinality issues. From now on, n is an infinite cardinal such 
that K, > |/c|. We begin with the following easy observation. 

Lemma 2.4. Let © G Sch^. Then |Op(©)| < k. 
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Proof. We may assume that 6 is an affine scheme, since it is a finite union of affine 
open subschemes. Suppose that 6 = Spec A. Notice that |A| < k since A is a 
fc-algebra of finite type. We have 

\Opie)\ = \{Dif):feA}\<\A\<K 

where the equality on the left follows from the fact that every open subset of © is 
a finite union of distinguished open subsets. □ 

Lemma 2.5. Let J be an index set of cardinality n. Let M be an Oq- module such 
that |M(t7)| < K for all U € 0p(6). Let N be an OQ-module and let tt : TV —» M 
be an epimorphism. Then there exists a function V? : J —>■ Op(©) and a morphism 
Oe,Vj ^ such that the composite M is an epimorphism. 

Proof. We have a commutative diagram of O©-modules 

®veOp(e) ®ieAr(v) ^e,v ^ 0vgOp( 6) 0seM(y) ^e,v 


N - 

where the right vertical arrow is induced by the isomorphisms hom©(Oe_y, M) ~ 
M{V), and the left vertical arrow is obtained in an similar manner. Notice that 
the index set of the direct sum on the left may have cardinality greater than k. 
For each s € im( 7 rv : N{V) M{V)), choose ts G ^{V) such that 7 ry(ts) = s. 
Put N(y) := {ts G N{V) : s G imyry} and observe that |iV(P)| < k. Let p be 
the obvious morphism 0 ygOp(e) ®tGN(v) i® easily verified that 

TT o p is an epimorphism. Moreover, the source of p is a direct sum over the set 
S IJygOp(s) -^(^) have [S'! < |0p(6)| ■ k < k ■ k = k . □ 

From now on we fix a set J of cardinality n. 

2.4. The dg—category Perf©. Let be the full subcategory of Mod(©) whose 
objects are the modules 0jgjO©,y, for all possible functions V? : J —> Op(©). 
It is a small category, since its objects are in bijection with the set of functions 
J —>■ 0p(6). Moreover it is an additive category; indeed, we can form the direct 
sum of two objects of ^© using a bijection J ~ J {J J. We now proceed to construct 
the dg-category Perf©; we start by defining a dg-category Perf©. The objects of 
Perf© are the perfect (strictly) bounded above cochain complexes in ^©. For 
two of such complexes E and F, let Perf©)^!,^)" be the fc-module of families 
ip = [ipP)p^^ of morphisms pP : —>■ Let Perf©(FI, F) be the cochain 

complex of fc-modules with components Perf©(F, F)" and differential given by the 
usual formula: 

d{p) = dp op — (—l)"(p o dE- 

Notice that the dg-category Perf© is small because is. Let Ac© be the full 
dg-subcategory of acyclic complexes of Perf© and define Perf © to be the Drinfeld 
quotient Perf©/Ac© [2j 3.1]. Notice that this Drinfeld quotient is well defined since 
Ac© is a small dg-category. 

Definition 2.6. Let T be a triangulated category. A dg-enhancement of T is a 
strongly pretriangulated dg-category T [21 2.4] such that H^{T) is triangle equiv¬ 
alent to T. 
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Lemma 2.7. Perfe is a dg-enhancement of the derived category Dperf(©) of 
perfect complexes on &. 

Proof. First observe that the dg-category Perfe is strongly pretriangulated; this 
is because the shifts of objects of Perfg and the cones of morphisms of complexes 
between objects of Perfe are isomorphic to objects of Perfe- Note that Ace is 
strongly pretriangulated as well, since the shifts of acyclic complexes are acyclic 
and the cones of morphisms of complexes between acyclic complexes are acyclic 
too. Hence Perf® is a strongly pretriangulated dg-category. Moreover, we have 
equivalences of triangulated categories 

7J°(Perfe) Fr°(Perfs)/i?°(Acs) ^ Dpe,f(6). 

Here the equivalence on the left follows from Theorem 3.4] and it remains to 
prove the equivalence on the right, which is a slight modification of [U 3.5.3]. As 
explained in the proof of 0 3.5.3], to show that 7J°(Perfe)/iJ°(Ace) — Dperf( 6 ) 
it suffices to prove the following: for every perfect complex of Oe “modules E there 
exists a bounded above complex F of modules in and a quasi-isomorphism 
F ^ E. The existence of such a quasi-isomorphism is proved in Lemma 12.91 see 
Remark 12.101 □ 


Lemma 2.8. Let M he an Oe-module which is either 

(1) a coherent Oe-module, or 

( 2 ) a subquotient of an object of ^g. 

Then \M(U)\ < k for all U G Op(©). 

Proof. Suppose first that M is a coherent Og-module. Since 6 is Noetherian, 
every open subset of © is quasi-compact, and we can write U as the union of a finite 
number of affine open subsets SpecA^ {1 < i < k). Notice that Ai has cardinality 
at most K since it is a fc-algebra of finite type. Notice also that M(SpecAi) has 
cardinality at most k since it is a finite Ai-module. It follows that \M{U)\ < k 
since we have an injection M{U) —s- ni=i Af(Spec A^). 

Now let Af be a presheaf of abelian groups on © and let aN be its associated sheaf. 
Suppose that |Af(H)] < k for every open set U. We will show that \aN{U)\ < k 
for every open set U. For every s G aN{U) there exist a finite open cover U = 
Wi U • • • U Wk and sections Si G N{Wi) such that s\wi = Si for all i. This implies 
that there is a surjection 


u 

F&Vf{Op(U}) 


lim N(W) 

W&F 


-F aN{U) 


where 'P/(?) is the set of finite subsets of ?, and \im.w^F N{W) is the subset of the 
product Y\y,r^pN{W) formed by those tuples of sections which agree on double 
intersections. It follows that |aAf(17)] < n since |'P/(Op(C/))| = ]Op(t7)| < n. 

As a consequence of the previous paragraphs, we see that \Ois,v{U)\ < n for all 
U,V G Op(©). Indeed, Oe,v is the sheaf associated to the abelian presheaf 




Oe{U) iiUCV, 
0 if not. 
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Now let M be an object of S>e, that is, M — Let U be an open 

subset of ©. Since elements of a direct sum have finite support, there is a surjection 


II 0O6.V,(C/) 

[jeF 




It follows that |M(17)| < k since |7’/(J)| = |J| = k. 

Suppose now that M is a submodule of an object of ^e- It is clear from the 
previous paragraph that \M{U)\ < k for every open U € 0p(6). Finally, if is a 
submodule of such an M, it follows that \{M/N){U)\ < k for every open C7, since 
M/N is the sheaf associated to the presheaf U i— M(U)/N{U). □ 


We say that a cochain complex of Oe^modules E is cohomologically bounded 
above if there exists a natural number N such that H^{E) = 0 for all n > N. 

Lemma 2.9. Let E be a cohomologically bounded above complex of Oq- modules 
such that \E[^{E){U)\ < k for all n and all U G Op(©). (For example, E can be a 
perfect complex of Oq- modules, as explained in Remark \2.1(A ) Then there exists a 
bounded above complex of modules in say F, and a guasi-isomorphism F ^ E. 

Proof. It will follow directly from [H Lemma 1.9.5]. Let be the full subcategory 
of the category of cochain complexes of Og-modules whose objects are those co¬ 
homologically bounded above complexes E such that \H^{E){U)\ < k for all n and 
all U G Op(©). Notice that any complex of Og-modules quasi-isomorphic to a 
complex in ^ is itself in Notice also that any strict bounded complex in ^g 
is in ^ by Lemma [2.81 (2). It is easily verified that ^ contains the mapping cone 
of any map of complexes F ^ E with E G and F a strict bounded complex in 
The key condition [H 1.9.5.1] holds by Lemma 1^31 The statement now follows 
from [U Lemma 1.9.5]. □ 


Remark 2.10. In the statement of Lemma [2.91 we can take E to be any perfect 
complex of Og-modules. Indeed, any perfect complex has coherent cohomology 
groups since © is Noetherian, and so satisfies the hypothesis of Lemma 12.91 by 
Lemma (1). 

2.5. Punctoriality of Perf?. Let / : T —?► © be a morphism in Sch^. The functor 
/* : —>■ extends to a fc-linear functor /* : ^g —>• in a natural way, as 

we proceed to explain. To define /* on the objects of ^g put 


/* ^=0rOeTv 




j 6 J 


Now observe that the functors homg(Og_y, ?) commute with direct sums and define 
/* on morphisms by the dashed arrow that makes the following diagram commute. 


homg ^0^. Og,y,, Oe^Wk'j 


■ n, 0fc homg(Og,y,., Oe,Wk ) 

Ilj ©fc /* 


homx (0,/*Og,y,. ,0^. f*Oe,Wk 


rij 0fc hom2:(/*C>g_v^, /*C’s.VFfc) 
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Now that we have defined a fc-linear functor /* : t we apply it degreewise 

to obtain a dg-functor /* : Perfe —S' Perf^. Finally, this dg-functor takes objects of 
Acs to objects of Ac^ |S1 Proposition 2.7.2, Example 2.7.3], and so it induces a dg- 
functor /* : Perfs — >■ Perf^- It is straightforward from the above definition that if 
/ and g are two composable morphisms in Sch^, then the dg-functor g* o /* equals 
ifg)*- Hence, we have constructed a presheaf of dg-categories Perf? : Sch^^ —>• 
dgCatj,. 


Remark 2.11. It is straightforward to see that the isomorphisms 

f* 0 Os.u, 0 f*Oe,v, — 0 = /* 0 C’e.u, 

3 3 3 3 

assemble into a natural isomorphism between the restriction of f* : Mod(6) —>• 
Mod(T) to and the composite functor /* : ^s —>■ Q Mod(T). Hence the 
following diagram commutes up to natural isomorphism of functors. 


H'’(Perfs)^-Dperf(6) 




L/* 


J70(Perfj) Dperf(T) 
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